THEORY OF MIGRATION CURRENT EXALTATION ALLOWING
FOR WATER DISSOCIATION
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The paper examines the influence of recombination of the OH andH* ions on the effect of migration-
current exaltation observed when cations and a neutral substance are reduced in paralel [1, 2].
Approximate analytical solutionsand numerical computer solutions were obtained for the corresponding
system of electrodiffusion equations. It was shown that for realistic values of the equilibrium constant
of water dissociation and recombination, the inclusion of recombination leads to a relatively small
correction to the theory of migration-current exaltation developed in [3-5].

INTRODUCTION

The phenomenon that the limiting current of cation reduction increases when a neutral substance is reduced at
the same time was detected experimentally in 1936 [1], and was called the effect of migration-current exaltation. A
quantitative discussion of migration-current exaltation was given in [2]. The irreversible reduction of Na* ions from
dilute NaCl solutions wasstudied. First the polarographic wave corresponding to the discharge of Na* ions was recorded,
then the solution was saturated with air oxygen and a new polarographic wave was recorded. In the second case the
limiting current was found to be higher than the sum of the oxygen reduction current and of the limiting current of Na*
reduction in the absence of oxygen.

In [3-5] a theory of the exaltation effect was proposed which allows for the fact that as a result of reduction of
a neutral substance (eg, O3), negatively charged products appear in the diffusion layer (eg, OH"). These products may
be absent from the bulk solution, but the system of electrodiffusion equations describing the parallel processes should
include an equation for said anions. In cases where al ions in the system are monovalent the limiting current density,
j1» of cation reduction depends on the current density, jo, of reduction of the neutral substance as follows:

].1=2FDfCO/L+joDi/D31 . (1)
where D; and Dy are the diffusion coefficients of the cations and of the reduction products of the neutral substance,

respectively, ¢, is the cation concentration in the bulk electrolyte, L is the Nernst diffusion-layer thickness, and F is
the Faraday constant. Introducing the corresponding dimensionless fluxes I and I:

=X ;. __L .
"= FDw, Joy Iy= mlu (2)
one can rewrite Eqg. (1) more simply as
[, =2+1,. (3)

Thus, the current of cation discharge increases linearly with the reduction current of the neutral substance.

It had not been taken into account when deducing Eqg. (1) that the OH" ions appearing at the electrode upon
reduction of the neutral substance could recombine with the H* ions present in water. These reactions are known to be
relatively fast, so that one can assume sufficiently correctly that the equilibrium

Cu-Con-=K

is established in the diffusion layer; here K is the equilibrium constant, which has a value of 107** (mole/liter)?.
It was theaim of the present work to investigate the influence of dissociation and recombination of the OH™ and
H* ions on the phenomenon of migration-current exaltation.
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FORMULATION OF THE PROBLEM
Allowing for water dissociation and recombination, one can describe the effect of migration-current exaltation

arising in the parallel reduction of cations and a neutral substance (oxygen), in terms of the Nernst diffusion-layer
model by the system of electrodiffusion equations (all ions are regarded as monovalent, for the sake of simplicity):

de,  ~4a¥ iL

—— — —4 I
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Herec,, €2> €3, €4 are theconcentrationsof the cations(Na*), anions(Cl), reduction products of the neutral substance
(OH"), and conjugate products of water dissociation (H*), respectively, D;({ = 1-4) are the corresponding diffusion
coefficients, ¥ =F¢/RT isthedimensionlesspotential, x (0 < x < 1) isthedimensionlesscoordinate (made dimensionless
through the Nernst diffusion-layer thickness L), Al = Al(x) is the change in flux of the H* and OH™ ions on account
of water dissociation and recombination, j, isthe current density of cation discharge, ¢, is the salt concentration in the
bulk solution, and j, is the current density of reduction of the neutral substance.

The system of four differential equations (4) to (7) must be supplemented by the electroneutrality condition:

citei=c,+c, (8)
and by the condition of equilibrium in the water dissociation reaction:;
CsCi=¢?, €))]

where €% =K /c,? isthe dimensionless equilibrium constant, which in the following will always be assumed to be asmall
quantity: e <« 1. We shall assume that in the bulk solution H* and OH™ are present in equal concentrations (neutral
solution): cg(1) = ¢,(1). From this condition and from relations (8) and (9) the boundary conditions for all ¢)(x) (/ = 1-4)
are obtained thus:

() =c.(1)=1, es(1)=c,(1)=¢, W (1)=0. (10)

In the case of interest to us, ie, the limiting current of the cations being reduced, the relation

¢,(0)=0. (11)

should hold.

We notice that by virtue of condition (9), the concentrations of al other components cannot simultaneously
become zero at the electrode under limiting-current conditions. Asaresult, the potential gradient and the potential itself
also remain finite, according to (5). Thus, in the system being discussed where dissociation is taken into account, the
logarithmic divergence of potential usually encountered in electrodiffusion problems when calculating the limiting
current is missing.

Subtracting (7) from (6) and transforming the resulting equation as well as the condition (8) while allowing for
(9) one can eliminate concentration ¢, from the system of equations:

1
R N (12)
1+ 2
Cs
e’
C,+—=CZ+C,, (13)
Cs
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Fig. 1. Plots of |, against |, forIg «< 1ande-values of: 1)0.01, 2) 0.02,
3) 0.05, and 4) 0.1.

Fig. 2. Component concentration distributions obtained from relations(9),
(13), (17), and (18) for I =0 and ¢ = 0.1.

where v =Dy/Dg ~ 2 isthe ratio of diffusion coefficientsof H* and OH™. Fors — O the system of Egs. (4), (5), (12),
(13) changes into the equations of [3] where water dissociation isdisregarded, and which when solved yield expression
(3) for the limiting currents.

The right-hand side of Eq. (12) isa nonlinear function of cg, and hence the system of Egs. (4), (5), (12), (13)
cannot be reduced to alinear system by changing to the new independent variable ¥ as done in [4]. Thus, the problem
formulated here requiresthe development of new methodsfor integrating thesystem of nonlinear differential equations.

THE SOLUTION IN THE CASEOF Iy «< 1

Atlow |, < 1one can assume when allowing for the fact that the OH™ ions are generated owing to currentsly,
and in view of equilibrium condition (9), that concentration cg issmall as compared with ¢4, practically everywhere in
thediffusion layer, to the exclusion of avery narrow region near x = 1. We therefore neglect cq relativeto ¢, for I << 1,
and instead of (12) obtain the simplified equation

dei/dz+c, dV fdz=]v. (14)

The resulting system of Egs. (4), (5), (13), (14) was solved in [6]. The corresponding relation for the limiting
currentl; asafunction of I, is given by

I=2(1+e)—1,/2v—=V4(1+e) (e —1,/2v)+(1./2v)> (135)

For I, = 0 the limiting current I, is given by the relation

I=2(1+¢) (1-|/E1(1+e)) (16)

The plots of I, against I, for I, << 1which correspond to relation (15) are reported for a number of values of parameter
gin Fig. L

Westress that the limiting current I; decreases by an amount proportional to v& when the recombination of OH"
and H* ions is taken into account. Moreover, for an I -value which isstrictly zero, the original system of Egs. (4), (5),
(12), (13) can be solved analytically without the assumption that cg «< c,. It follows immediately from (5) and (12) that

c=e¥, c¢y=¢ge". (a7

Eliminating ¢, from (13) with the aid of ¢, and ¢, and substituting into (4) we obtain an equation for d¥/dx which is
readily integrated:

v

I, '
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Using condition (11) we can find a value of the limiting current which coincides with (16). The distribution of
component concentrations in the diffusion layer is shown for the case of I, =0 in Fig. 2. One can see that the
concentrations ¢ _and cg decrease linearly as one comes closer to the electrode but do not become zero: ¢,(0) = ¢,(0) a
v/ and ¢3(0) ~€§/2 It must be pointed out, moreover, that practically everywhere in the diffusion layer the inequali-
ties of €3 <« €4 as well as€s» ¢, <« c,, €2 hold true.

GENERAL SOLUTIONFOR I #0

It had already been pointed out above that in the case of |1, <>0 the system (4). (5), (12), (13) cannot be integrated
by the method described in [4]. This system can be solved in quadratures as follows.
Eliminating d¥/dx from (4) and (12) with the aid of (5) we obtain
aw
71.2:— = IlCZa (19)

av I.cy

“dz | citver ! (20)

where we have introduced the dimensionless concentration combinations
W=cic;,, V=ci/c, . (21)

Eliminating ¢, and ¢, from (21) with the aid of ¢3, W, and V and substituting into (13) one can state ¢z in terms of W
and V:

W/V+et
1+v

2

(22)

Cs

Thus, using (9), (21), and (22) one can state the concentrations of all solution components in terms of W and V,
and system (10), (20) only contains the functions Wand V, though in a rather complex way. The boundary conditions
for Wand V become

‘/Vl*-l=1l V|=-1=1/£, (23)
Wlamo=0. (24)

Dividing (19) into (20) we can change to the new independent variable V:

& e (L +v) (25)
av @ vyv B\ V)

where a =1,/1; istheratio of the currents. Relation (22) was used in deriving (25). Equation (25) isa first-order linear
inhomogeneous equation. Its solution which for x = 1satisfies boundary conditions (23) can be written as

= [1+ fae{ o) ], o

where Wy(V) is the solution of the homogeneous Eq. (24) satisfying the boundary conditions (23):

(27)

W.,(V)=(1+e)“( v )a'

We thus find the function W(V) which can be used, together with (21) and (22), to obtain the concentration
distributions of all components as functions of the independent variable V under the condition that a is known. To find
o one must use boundary condition (24). Integrating (24) we obtain

1 1/: 1/s

1°=1° jd.’t-’= '—V—C,

0 Ve

dV ve?

Cs

(28)

1534



Here V* is the value of V which corresponds to x = 0 where, according to (24), one has W(V") = 0. One can readily see
from (27) that for positive V, W(V) will not become zero; therefore, the condition that is used to find V* isa zero value
of the term in square brackets in (26):

i/a

1 a1
£(1+V'+V) WoV))  aet @)

Thus, for (28) one can find the integration limits (from (29), (27)) and the function under the integral sign (from
(22), (26), (27)). Integrating in the right-hand side of (28) we obtain some function of the current ratio a. From the
resulting equation, finally, one can extractI; asafunction of l, and obtain the generalization of relation (3) to the case
of migration-current exaltation which includes the recombination of the H* and OH™ ions.

Thus, a solution of the problem formulated has been obtained in quadratures. To obtain I, as a function of Ip
one must analytically evaluate the integrals contained in (26), (28), and (29). This is possible for the integral of (26),
only with certain special values of o, (The integral of (26), which iscontained in (28). can be evaluated only for integer
and semiinteger valuesof a, while theintegral on the right-hand side of (28) cannot be evaluated in an analytical form.)
Below we report an approximate solution of the problem which utilizes the fact that parameter ¢ is small.

APPROXIMATE SOLUTION FOR1<a <2

For the purposes of finding an approximate analytical solution of the problem one can utilize the fact that
parameter € issmall: €<« 1. It will be our aim to find a correction term for the right-hand side of expression (3) which
isafunction of both € andle- Regarding (3) as zeroth approximation one can see that the condition of o < 2 corresponds
tocurrentsly > 2. Theregion of a >2 (or 0 < |, < 2) corresponds to the transition region betweenlp = 0andly > 2 where
the correction terms have values intermediate between terms of the order of Ve for I, = 0 and terms of the order of €
forly > 2, aswill_be shown below. We point out that the condition of o > 1(or I, >Ip) isfulfilled up to very large values
of lo = 1/e 2 10% je throughout the range of values of parameter To of interest to us. For V > V* one can write

V [}
W(V)=U+ea(1— (—) ,
(V)= (t+ea(1—9) | — (30)
which holds to terms of the order of € but for V > V* one has
WV)={+ea(1-v)) (1=aV) V(Ve-t— (V")) (31)

where

(V)5 2 (vt 1) (32)
a—1

is a small quantity. When changing, in (28), to an integration over In V we can replace the limits of integration by
In(1/¢) and In V™ ,which in contrast to the values of 1/¢ and V* themselves can be regarded as quantities of the order
of unity. The region of integration thus has a size of the order of unity, which implies that we are justified in
suppressing terms smaller than ¢ in order of magnitude in the function under the integral sign, since we only are
interested in the first correction to (3) with respect to €. Substituting (30) and (31) into the right-hand side of (28) and

integrating we obtain an equation which implicitly defines the function I1(Ioe):

L=z- =@ (33)
where
N TS ) I AN . SUNPR S
Ha) nl o—1 =1 'V?i(v+1)_1[2 alcng(TH)___} (34)
a—1 oa—1
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Fig. 3. Comparison of the approximate analytical |, vs I, functions for
I, > 2 with the functions obtained numerically; curve 1isthat defined by

relation (3), curves(2) and (4) correspond to (36) for ¢ = 0.05 and ¢ = 0.1,
curves 3 and 5 were computer-calculated for ¢ = 0.05 and ¢ = 0.1.

Fig. 4. Component concentration distributions obtained by numerical
solution of the system of Egs. (19). (20) forlp = 4, ¢ = 0.05, and |, equal
to the limiting current.

The first term on the right-hand side of (33) is the term corresponding to the zeroth approximation of (3), while the
second term represents a small correction. Hence Eq. (33) can be solved for I; by the method of successive
approximations; first we find ain the zeroth approximation:

_ L+2 .
%o A (35)

Multiplying (33) with (a = 1) and replacing a by ad in the right-hand part of the resulting expression we obtain

I,=2+I—ef(a) (36)

ie, the conclusive expression representing the generalization of the result (3) that had been obtained previously. The
function I,(I) defined by expression (36) is shown in Fig. 3 together with function (3) and the results obtained by
numerical solution of the problem.

NUMERICAL COMPUTER SOLUTION OF THE PROBLEM

The system of Egs. (19), (20) with the boundary conditions (23), (24) was also solved by numerical integration
with a computer. The algorithm for the solution was set up as follows. For fixed I; and Iy, the system (19), (20) with
boundary conditions (23) wasintegrated by the Runge— Kuttamethod. Two versions could be realized in the integration:
either the values of W or V became negative in some step along coordinate x (adetailed analysis showed that this occurs
simultaneously), or the relation of W(x = 0) > 0 was fulfilled. For fixed |, the variant to be realized was determined
only by the value of 1. One thus can claim that some function of |, exists which has a root corresponding to
W(x = 0) = O Tofind the root of this function we used the method of divided differences. The results obtained when
numerically calculating function I,(I;) are shown in Fig. 3. One can see when comparing the approximate analytical
functions I4(I;) of (36) with the numerical calculations for different values of parameter ¢ that these are in fair
agreement. Figure 4 shows the profiles of component concentrations c; obtained by numerical solution of the problem.

CONCLUSION

Thus, the above analysis has shown that the effect of dissociation of ions OH™ and H* is most important for
l, < 1, where the limiting current of cation reduction decreases by an amount of the order ofvs. At large currents, of
l, > 2, the decrease in the limiting current of cation reduction is of the order of . It was seen from numerical
calculations in the region of ¢ <1, < 2 that the limiting-current decrease is intermediate between v and ¢ in order of
magnitude, and is a smooth function of reduction current of the neutral substance.
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We also point out that when the processes discussed occur in acidic solutions the recombination of OH- and H*
ions will have more important effects, and at sufficiently high pH the resulting exaltation current should approach the
value described by the theory of correlative migration-current exaltation [6].
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